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Abstract 

We use the natural lifts of the fundamental tensor field g to the 
cotangent bundle T*M of a Riemannian manifold {M,g), in order to 
construct an almost Hermitian structure (G, J) of diagonal type on 
T*M. The obtained almost complex structure J on T*M is integrable 
if and only if the base manifold has constant sectional curvature and 
the second coefficient, involved in its definition is expressed as a rational 
function of the first coefficient and its first order derivative. Next one 
shows that the obtained almost Hermitian structure is almost Kahlerian. 
Combining the obtained results we get a family of Kahlerian structures 
on T*M, depending on one essential parameter. Next we study the 
conditions under which the considered Kahlerian structure is Einstein. 
In this case (T*M, G, J) has constant holomorphic curvature. 

Mathematics Subject Classification 2000: 53C07, 53C15, 53C55 
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Introduction 

The differential geometry of the cotangent bundle T*M of a Riemannian 
manifold (M, g) is quite similar to that of the tangent bundle TM. However 
there are some differences, due to the fact that the lifts (vertical, complete, 
horizontal etc.) to T*M cannot be defined just like in the case of TM. 

In the present paper we study a family of natural Kahler Einstein structures 
{G, J), of diagonal type induced on T*M from the Riemannian metric g. They 
are obtained in a manner quite similar to that used in [ID] (see also [H]) by 
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using a similar parametrization. The considered natural Riemannian metric 
G of diagonal type on T*M is defined by using two parameters u, v which 
are smooth functions depending on the energy density t on T*M. The vertical 
and horizontal distributions are orthogonal to each other and the dot products 
induced on them from G are isomorphic (isometric) by duality. 

Next, the family of the natural almost complex structures J on T*M that 
interchange the vertical and horizontal distributions depends on the same two 
essential parameters u, v. From the integrability condition for J it follows that 
the base manifold M must have constant sectional curvature c and the second 
parameter v must be expressed as a rational function depending on the first 
parameter u and its derivative. Of course, in the obtained formula there are 
involved too the constant c and the energy density t. 

Next it follows that G is Hermitian with respect to J and it follows that the 
fundamental 2-form 0, associated to the almost Hermitian structure {G, J) is 
the fundamental form defining the usual symplectic structure on T*M, hence 
it is closed. In the case where the integrability condition for J is fulfilled, we 
get a Kahlerian structure on T*M and this structure depends on one essential 
parameter u. 

In the case where the considered Kahlerian structure is Einstein we get 
a second order differential equation fulfilled by the parameter u and we have 
been able to find the general solution of this equation. We have a generic case, 
when the curvature c is negative and whole (T*M, G, J) is Kahler Einstein. 
Then there is another case where c is positive and (G, J) is defined on a tube 
around the zero section in T*M. In both cases one obtains that (T*M, G, J) 
has constant holomorphic curvature. The cases where some singularities occur 
will be discussed in some forthcoming papers. 

The manifolds, tensor fields and geometric objects we consider in this pa- 
per, are assumed to be differentiable of class C°° (i.e. smooth). We use the 
computations in local coordinates but many results from this paper may be 
expressed in an invariant form. The well known summation convention is used 
throughout this paper, the range for the indices h,i,j,k,l,r,s being always 
{1, ...,n} (see 0, d, ES)- We shall denote by T{T*M) the module of 
smooth vector fields on T*M. 

1. Some geometric properties of T*M 

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its 
cotangent bundle by vr : T*M — > M. Recall that there is a structure of a 2n- 
dimensional smooth manifold on T*M, induced from the structure of smooth 
n-dimensional manifold of M. From every local chart ({/, ip) = {U, x^, . . . , x") 
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on M, it is induced a local chart {it^^{U), $) = (7r^^([/), q^, . . . , q"-, pi, ■ ■ ■ ,Pn) 
on T*M as follows. For a cotangent vector p E n^^i^U) G T*M, the first n local 
coordinates q^, . . . ,q'^ are the local coordinates x^, . . . , of its base point x = 
tt{p) in the local chart [U, if) (in fact we have = 7r*x* = o vr, i = 1, . . . n). 
The last n local coordinates pi,...,p„ of p G 7r^^(t/) are the vector space 
coordinates of p with respect to the natural basis {dx\^^^y . . . , dx^^^-^), defined 
by the local chart {U,ip), i.e. p = Pidx'^^^^y Due to this special structure 
of differentiable manifold for T*M it is possible to introduce the concept of 
M-tensor field on it. An M-tensor field of type (r, s) on T*M is defined by 
sets of rf^^ components (functions depending on and pj), with r upper 
indices and s lower indices, assigned to induced local charts (7r~^(t/),$) on 
T*M, such that the local coordinate change rule is that of the local coordinate 
components of a tensor field of type (r, s) on the base manifold M (see jH] 
for further details in the case of the tangent bundle); e.g., the components 
Pi, z = 1, ... ,72, corresponding to the last n local coordinates of a cotangent 
vector p, assigned to an induced local chart (vr"^ (?/),$) define an M-tensor 
field of type (0,1) on T*M. A usual tensor field of type (r, s) on M may be 
thought of as an M-tensor field of type (r, s) on T*M. If the considered tensor 
field on M is covariant only, the corresponding M-tensor field on T*M may be 
identified with the induced (pullback by vr) tensor field on T*M. Some useful 
M-tensor fields on T*M may be obtained as follows. Let u : [0, oo) — > R be 
a smooth function and let = g~^p-^ip,p) be the square of the norm of the 
cotangent vector p G n~^{U) {g~^ is the tensor field of type (2,0) on M having 
as components the entries g^^{x) of the inverse of the matrix {gij{x)) defined 
by the components of g in the local chart ([/,(/?)). If 5* are the Kronecker 
symbols (in fact, they are the local coordinate components of the identity 
tensor field / on M), then the components m(||j9||^)5* define an M-tensor field 
of type (1,1) on T*M. Similarly, if gij{x) are the local coordinate components 
of the metric tensor field g on M in the local chart [U, ip), then the components 
'^{\\p\\'^)gij{^{p)) define a symmetric M-tensor field of type (0, 2) on T*M. The 
components g'^^ = Phg'^\ as well as 'u(||p||^)(/°*, define M-tensor fields of type 
(1,0) on T*M. Of course, all the components considered above are in the 
induced local chart (7r~^([/), $). 

We shall use the horizontal distribution HT*M, defined by the Levi Civita 
connection V of g, in order to define some first order natural lifts to T*M of 
the Riemannian metric g on M. Denote by VT*M = Ker vr* C TT*M the 
vertical distribution on T*M. Then we have the direct sum decomposition 

(1) TT*M = VT*M © HT*M. 
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If (7r-i(f/),$) = {n-\U),q\ . . . . . . ,p„) is a local chart on T*M, 

induced from the local chart {U,(p) = (?7, x^, . . . , x"), the local vector fields 
. . . , on Tr~^(U) define a local frame for VT*M over 7t~^{U) and the 
local vector fields • • • ; ^ define a local frame for HT*M over 7r~^(t/), 
where 

and r^^(7r(p)) are the Christoffel symbols of g. 

The set of vector fields • • • , . . . , ^) defines a local frame on 

T*M, adapted to the direct sum decomposition (1). Remark that 

where 9^ denotes the vertical lift to T*M of the 1-form ^ on M and 
denotes the horizontal lift to T*M of the vector field X on M. 
Now we shall present the following auxiliary result. 

Lemma 1. If n> 1 and u, v are smooth functions on T*M such that 
ugij + vpiPj = 0, p e 7r~^(;7), 
on the domain of any induced local chart on T*M, then m = 0, v = 0. 

The proof is obtained easily by transvecting the given relation with com- 
ponents g^^ of the tensor field g~^ and g^^ (Recall that the functions g^^{x) are 
the components of the inverse of the matrix {gij{x)), associated to g in the 
local chart (C/, (/?) on M). 

Remcirk. Prom the relations of the type 

ug'^ + vg^g^^ = 0, p e t^'^{U), 

u5] + vg'^''p,=Q, pe7v-\U), 
it is obtained, in a similar way, u = v = 0. We have used the notation 

Since we work in a fixed local chart {U, (/?) on M and in the corresponding 
induced local chart (tt^^ on T*M, we shall use the following simpler 
(but less clear) notations 

— = d\ — = 5,. 
dpi ' 5q' 
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Denote by 



the energy density defined by g in the cotangent vector p. We have t e [0, oo) 
for all p G T*M. For a vector field X on M we shall denote by gx the 1-form 
on M defined by gx{Y) = g{X, Y), for all vector fields Y on M. For a 1-form 
9 on M, we shall denote by 6"^ = g^^ the vector field on M defined by the 
usual musical isomorphism, i.e. g{9^,Y) = 6{Y), for all vector field Y on M. 
Remark that, for p e T*M, we can consider the vector p", tangent to M in 
7r(p). 

2. A natural almost Kahler structure of diagonal type 
on the cotangent bundle 

From now on wc shall work in a fixed local chart {U, (p) on M and in the 
induced local chart (7r^^(f/),$) on T*M. Consider two real valued smooth 
functions u, v defined on [0, oo) C R and define the following M-tensor field of 
type (0, 2) defined by the Riemannian metric g on the cotangent bundle T*M 
of the n-dimensional Riemannian manifold (M, g) 

(3) Gij(p) = u(t)gij(Tr(p)) + v(t)piPj. 

It follows easily that the matrix (Cy) is positive definite if and only if 
u > 0, u + 2tv > 0. The inverse of this matrix has the entries 

(4) H'^ip) = + ^(^)^ V, 

where g^'^ — png^^ and 

(5) w — — — -. 

^ ' u{u + 2tv) 

One shows easily that the components if*^' assigned to the induced local 
chart (7r~-^(C/), q^, ■ ■ ■ , q^,Pi-, ■ ■ ■ ,Pn) on T*M define an M-tensor field of type 
(2, 0). The property of the matrix [H'^^) to be the inverse of the matrix (Gjj) 
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is expressed by the formulas 

Remark. If the matrix (Gij) is positive definite, its inverse (if*^') is positive 
definite too. This aspect can be seen directly since we have 

1 1 1 

- > 0, - + 2tw = — > 0. 

u u u-\- 2tv 

Using the M-tensor fields defined by Gij, the following Riemannian 
metric may be considered on T*M 

(6) G = Gijdq'dq^ + H'WpiDpj , 

where Dpi = dpi — T^ijdq^ is the absolute (covariant) differential of pi with 
respect to the Levi Civita connection V oi g (We have used the notation 
r°- = Ph^ij, where T'^j are the Christoffel symbols defined by g). Equivalently, 
we have 

G{di, 6j) = Gij, G{d\ = G{d\ 6j) = G{6j,d') = 0. 

Remark that HT*M, VT*M are orthogonal to each other with respect to 
G, but the Riemannian metrics induced from G on HT*M, VT*M are not 
the same, so the considered metric G on T*M is not a metric of Sasaki type. 
However, the matrix associated to the dot product induced from G on VT*M 
is the inverse of the matrix associated to the dot product induced from G 
on HT*M, so that the metrics induced from G on VT*M, HT*M could be 
considered as being isomorphic (isometric). The 2n x 2n-matrix associated to 
G, with respect to the adapted local frame (^, . . . , . . . , has two 

n X n-blocks on the first diagonal 

^ ^ ( Gij \ 
\^ H'^ J - 

The Riemannian metric G is called a natural lift of diagonal type of g. 
Remark also that the system of 1-forms {dq^ , dq"^, Dpi, Dpn) defines a 
local frame on T*T*M, dual to the local frame {Si, ...,Sn, d^, ...,d"') adapted 
to the direct sum decomposition (1). 
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Next, an almost complex structure J is defined on T*M by the same M- 
tensor fields Gjj, expressed in adapted local frames by 

The matrix of J with respect to the adapted local basis 5„, 5^, 9") 

is 

From the property of the M-tensor field if^' to be defined by the inverse of 
the matrix defined by the components of the M-tensor field Gij, it follows easily 
that J defines an almost complex structure on T*M. The almost complex 
structure defined by J is called a natural lift of diagonal type of g. 

Proposition 2. The total space of the cotangent bundle T*M, endowed 

with the Riemannian metric G and the almost complex structure J (both nat- 
ural lifts of g of diagonal type ) has a structure of almost Kdhlerian manifold. 

Proof. Since the matrix [H^^) is the inverse of the matrix (Gij), it follows 
easily that 

G{J5i, J5j) = G{5i, 5j) = Gij, G{Jd\ J&) = G{d\ d^) = H'^, 

G{J5i, J&>) = G{Jd^, J5i) = G{5i, &>) = G{d^, 5i) = 

Hence G(JX,JY) = G{X,Y), for all vector fields X,Y on T*M. Thus 
{T*M, G, J) is an almost Hermitian manifold. The fundamental 2-form asso- 
ciated with this almost Hermitian structure is 0, defined by 

<f>{X,Y)^G{X, JY), 

for all vector fields X, Y on T*M. By a straightforward computation we get 

0(5,, 6j) = G{5i, Gjkd") = 0, <P{d\ d^) - G{d\ W%) = 0, 

-0(5,-, d') = 0(a\ 5,) = G{d\ Gjkd') = GjkH"" = 5} 
It follows that 

= Dpi A dq^ = dpi A dq\ 

due to the symmetry of F^^ = Ph^ij- It follows that does coincide with 
the fundamental 2-form defining the usual symplectic structure on T*M. Of 
course, we have d(f) = 0, i.e. 4> is closed. Therefore {T*M, G, J) is an almost 
Kahler manifold. 
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3. A natural Kahler structure on T*M 



We shall study the integrability of the almost complex structure defined 
by J on T*M. To do this we need the following well known formulas for the 
brackets of the vector fields &- = -^,5i = -A, i = 1, n 



where R'^^j{7r{p)) are the local coordinate components of the curvature tensor 

field of V on M and Rl^^j^p) = PhRkij ■ Of course, the components R^ij, Rkij 
define M-tensor fields of types (0,3), (1,3) on T*M, respectively. 

Theorem 3. The Nijenhuis tensor field of the almost complex structure 
J onT*M is given by 



■ N{6i, 6j) = {{v{2tu' -u) + uu'){S^gjk - S^Qik) - R^i^iM^^ 
< N{d„ d^) = H'^'W-{{v{2tu' -u) + uu'Mgri - S^^g^i) - 
^ N{d\ d^) = W^W^{{vi2tu' -u)+ uu')iS^grk - S^gik) - R^yPhd". 

Proof. Recall that the Nijenhuis tensor field N defined by J is given by 
N(X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y], VX, Y e r(T*M). 
Then, we have 6kt = 0, dH = g^^ and ViGjk = 0, ViW'' = 0, where 



The above expressions for the components of N can be obtained by a quite 
long, straightforward computation. 

Theorem 4 The almost complex structure J on T*M is integrable if and 
only if the base manifold M has constant sectional curvature c and the function 
V is given by 



(7) 




(8) 



c — uu' 



2tu' - u 
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Proof. Prom the condition N — one obtains 



{{v{2tu' -u)+ uu'Mgj, - d^g,,) - R^p^ = 0. 

Differentiating witli respect to pi, taking p/j = V/i G {1, ■■■,n}, it follows that 
the curvature tensor field of V has the expression 

RLj = um-v{0) + u'{0)]{Slg,k - 5]g,u). 

Using the Schur theorem (in the case where M is connected and dim M > 3), it 
follows that (M, g) has the constant sectional curvature c = m(0)[— t'(0)+'u'(0)]. 
Then we obtain the expression (8) of v. 

Conversely, if (M, ^f) has constant sectional curvature c and v is given by 
(8), it follows in a straightforward way that = 0. 

Remark. In the case where — 2ct = 0, we have uu' — c = 0, u — 2tu' = 
too. So, this case must be thought of as a singular case and should be 
considered separately. Recall that the function u must fulfill the conditions 

2ct — 

u>0, u + 2tv = > 0. 

2tu' - u 

Thus the family of natural Kahlerian structures of diagonal type on T*M 
(when = 0) depends on one essential coefficient u satisfying some the sup- 
plementary conditions. 

4. The Levi Civita connection of the metric G and its 
curvature tensor field 

The Levi Civita connection V on a Riemannian manifold {M,g) is deter- 
mined by the conditions 

= 0, T = 0, 

where T is its torsion tensor field. The exphcit expression of this connection 
is obtained from the formula 

2g{VxY, Z) = X{g{Y, Z)) + Y{g{X, Z)) - Z{g{X, 

+^([X, y], Z) - g{[X, Z],Y)- g{[Y, Z],X), VX, Y, Zer{M). 

We shall use this formula in order to obtain the expression of the Levi 
Civita connection V of G on T*M. The final result can be stated as follows 
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Theorem 7. The Levi Civita connection 'V of G on T*M has the following 
expression in the local adapted frame {d^, 5", Si, 6n) 

where Q'l, Shij are M-tensor fields on T*M, defined by 



phi = \H^\d'Gjk - H'^Rl 



hij 



-\Ghkd''Gij + \Rhiy 



After replacing of the expressions of the involved M-tensor fields and their 
derivatives, one obtains 



Su, = '^g.KP^ - ^-^g^m + i^gnVK + '-^"^^^vmvr 

In the case of a Kahler structure on T*M, the final expressions of these 
M-tensor fields can be obtained by doing the necessary replacements of the 
functions f , w from (8) and (5) and their derivatives. However, the final ex- 
pressions are quite complicate but they may be obtained quite automatically 
by using the Mathematica package RICCI for doing tensor computations (see 

El)- 

Now we shall indicate the obtaining of the components of the curvature 
tensor field of the connection V. 

The curvature tensor K field of the connection V is obtained from the well 
known formula 

K{X, Y)Z = VxVyZ - VyVxZ - V[x,y]Z- 

The components of K with respect to the adapted local frame {d^, . . . , 5", 
Si, . . . ,5n) are obtained easily: 
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K{d\ &)5k = PPgf = (9^P,'^' - d^P^' + i^^P,'^^ - P^'P,'')^., 

= = {-Rl, - R%Qt + S^uP^' - S,,iPt)d\ 

K{5,, 5^)5u = QQQ^u^h = {Rlj - RljPt' + Si^uP^' - SukP^')5H, 
K{d\ 5j)5k = PQQ'jkhd'' = {d'Shjk + SijkQi - ShjiPi')d\ 

_ K{d\ 6j)d^ = PQP}^^5h = {d'P^^ + Pt'Pf' - QfP^^)5h. 

The explicit expressions of these components are obtained after some quite 
long and hard computations, made by using the package RICCI. 

Next, the components of the Ricci tensor field are obtained as traces of K: 

' Ric{d^, d'') = RicPP^^ = PPPl^^^ - PQPi'''', 
RiciSj, 5k) = RicQQjk = QQQhjk + PQQjkh, 
_ Ric{d^, Sk) = Ric{5k, = 0. 



5 The cotangent bundle T*M as a Kahler 
Einstein manifold 

Doing the necessary computations, we obtain the final expressions of the 
components of the Ricci tensor field of V 

RicQQjk = 2{u-2tu'Y ^^'^ 2u'^{u-2tu')'^PiPk'' 



RicPP^^ = 



+ 



Oj OA; 



where the coefficients a, a, [3 are given by 

a^n{u- 2tu'){2cu - 2ctu' - u^u') + 2{2ct - u^){tuu" + uu' - tu'^), 

a^n{u- 2tu'){-2c^u^ + QcHu^u' + Zcu'^u' - 12cH^uu''^ - 3u^u'^ + ScH^u'^- 
-^ctW + Uu^"" - AcHW + ^ctu\" - u^u")+ 
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-IcM' + 2u'>u" + &ctWu" + ?,Mu" - UWu" - Sct^uV+ 



(3^n{u- 2tu'){2c^u - 2cHu' - Scu^u' + Gctuu'^ - u^u'"^ - Ad?u'^ + 2tu^u'^+ 

+2ctu\" - u\") + 

+2{2cHuu' + cu^u' - 2cH^u'^ - hctu^u'^ - 2u\''^ + Sct^uu'^ + AtvC'u'^ - Act^u'^- 

-2fu^u'^ + 2cH'^uu" + bctu^u" - 2u^u" - Qct^u^u'u" - tu%'u" + At^u^u''^u"+ 

+8ctW^ - AtW^ + 2ctW^^ - tu'u^'^ - ActWu^'^ + 2tWu^^^). 

In order to find the conditions under which {T*M, G, J) is Einstein, we 
consider the differences 

DiffQQjk = RicQQjk - 2u{u-2tu'y^ '^j*^' 

< 

DiffPP^'^ = RicPP^'^ - ^^^^^^ 
whose explicit expressions are 

DiffQQjk = 2^^-11')^ ^ P^P'^^ 

Dif fPP^'' = 2w2(u2-2ct)(«-2t«')2 ^ 9°^9'^''- 
The expression of the factor 7 is given by 

7 = niu^ - 2ct)(2tu' - u){u^u" - 2tu'^ + 2uu'^)+ 

^-2{2cu^u' - ActuV - 3u%'^ + 6ct\u'^ + htu^u'^ - Act^u'^ - 2tW'^+ 
+6ctu^u" - 2u'u" - ActWu" - 2tu^u'u" + Aeu^u'''u" + ^ctW"- 

-AtW + 2ctW^ - tu^'u^^^ - ActWu^'^ + 2tWu^^^). 

We are interested in finding the functions u for which Dif fQQjk = 0, 
DiffPP^^ = 0. We should exclude the case — 2ct = which leads to a 
singularity. Thus we must see what happens in the case 7 = 0, — 2ct ^ 0. 
Generally, this equation is almost impossible to solve. However, it is reasonable 



12 



to ask for the solution u to be independent of the dimension n of M. In this 
case we must have 



(9) u^u" - 2tu'^ + 2uu'^ = 

The general solution of this equation is obtained transforming it in an 
equation in the inverse function t = t{u) of u. One obtains an equation of 
Euler type from which we get 

u^A± VA2 + Bt, A>0, By^O, A^ + Bt>0, 

where A, B are the integration constants. 

Remcirk. The equation (9) has two other singular solutions 

u^A, A>0, A^ -2ct>0, 

u^At, A>0, 2c- Ah > 0, 

which will be discussed in some forthcoming papers. 

From now on we shall consider only the case of the function u = A + 
\J A? ^ Bt. Asking for the found function to be a solution for the remaining 
part of the equation 7 = 0, one finds B — —2c. Thus the general solution for 
the condition for {T*M, G, J) to be Einstein is 

(10) u^A + - 2ct, A>0, A^- 2ct > 0. 

If the constant sectional curvature c of M is negative, the solution u is 

defined on the whole T*M. 

If c is positive, the solution u is defined only in the tube around the zero 
section in T*M, defined by < < Then we obtain easily 

4ct ^ . -A^ + 3Act+{A^ -2ctf/^ 

2V A " Act^{A^-2ct) 

Remark that w are well defined even if i = 0. Then we have 

2(^2 _ 2ct) ^ 

u + 2tv^ — > 0, 

A 

thus the conditions for the existence of the Kahler Einstein manifold (T*M, G, J) 
are fulfilled. 
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The components of the Ricci tensor field defined by G are 

RicQQ.u = ^^^^C,;., RicPP^' = i!i±ll^i/^\ 

Ric{d^,5k) = Ric{5k,&>) = 0. 
Hence we may state our main result. 

Theorem 5. 1. Assume that the Riemannian manifold (M, g) has constant 
negative sectional curvature c. Then {T*M,G, J) defined by u given in (10), 
with A> Q is a Kdhler Einstein manifold. 

2. Assume that (M, g) has constant positive sectional curvature c. Then the 
tube around the zero section in T*M, defined by the condition < \\p\\^ < ^ 
is a Kdhler Einstein manifold, with {G, J) defined as in the case 1. 

6 The holomorphic sectional curvature of 

(T*M, G, J) 

Recall that a Kahlerian manifold (M, g, J) has constant holomorphic sec- 
tional curvature k if its curvature tensor field R is given by 

R{X, Y)Z = '^{g{Z, Y)X - g{Z, X)Y+ 

+g(Z, JY)JX - g{Z, JX)JY + 2g{X, JY)JZ), 

for all vector fields X, Y, Z defined on M. 

In the case of the Kahler Einstein structure (G, J) on T*M (on a tube 
around zero section in T*M) obtained in Theorem 5, we can check by a 
straightforward computation that the components of the curvature tensor field 
if of V are given by 

K{d\ 0^)6, = ^m^' - SIH^'')Sh, K{d\ d^)d' = - 6iW'^)d\ 

K{d\ Sj)5, = ^{SiGjk + 5iGjn + 25iG,,)d\ 

From these relations we get 

Theorem 6. The Kdhler Einstein structure {G,J) on T*M (on a tube 
around zero section in T*M) obtained in Theorem 5 has constant holomorphic 
sectional curvature k = ^. 



14 



References 



[1] Calabi, E.Metriques Kaehleriennes et fibres holomorphes, Ann. Scient. 
Ec. Norm. Sup., 12 (1979), 269-294. 

[2] Dombrowski, P. On the geometry of the tangent bundle, J. Reine 
Angew. Mathematik, 210 (1962), 73-88. 

[3] Gheorghiev, Gh.; Oproiu, V. Varieta^i diferenfiabile finit §i infinit 
dimensionale, Ed. Academiei Rom. 1(1976), 11(1979). 

[4] Lee, J.M. Ricci. A Mathematica package for doing tensor calculations in 
differential geometry. User's Manual, 1992, 2000 

[5] Mok, K.P.; Patterson, E.M.; Wong, Y.C. Structure of symmet- 
ric tensors of type (0,2) and tensors of type (1,1) on the tangent bun- 
dle, Trans. Am. Math. Soc. 234(1977), 253-278. 

[6] Oproiu, V.,(9n the differential geometry of the tangent bundles. Rev. 
Roum. Math. Pures Appl. 13 (1968), 847-856. 

[7] Oproiu, v.. General natural almost Hermitian and anti-Hermitian struc- 
tures on the tangent bundles. Bull. Soc. Sci. Math. Roum. 43(91), (2000), 
325-340. 

[8] Oproiu, V. A locally symmetric Kdhler Einstein structure on the tangent 
bundel of a space form, Beitrage zur Algebra und Geometrie/ Contribu- 
tions to Algebra and Geometry, 40 (1999), 363-372. 

[9] Oproiu, V. Some new geometric structures on the tangent bundle. Public. 
Math. Debrecen. 55 (1999), 261-281. 

[10] Oproiu, V. A Kdhler Einstein structure on the tangent bundle of a space 
form. Int. J. Math. Math. Sci. 25 (2001), 183-195. 

[11] Oproiu, v., A generalization of natural almost Hermitian structures on 
the tangent bundles. Math. J. Toyama Univ., 22 (1999), 1-14. 

[12] Oproiu, v., Papaghiuc, N., Some examples of almost complex mani- 
folds with Norden metric. Public. Math. Debrecen, 41 (1992), 199-211. 

[13] Oproiu, v., Papaghiuc, N., A Kaehler structure on the nonzero tan- 
gent bundle of a space form. Differential Geom. Appl. 11 (1999), 1-12. 



15 



[14] Oproiu, v., Papaghiuc, N., A locally symmetric Kaehler Einstein 
structure on a tube in the tangent bundle of a space form, Revue Roumaine 
Math. Pures Appl. 45 (2000), 863-871. 

[15] Papaghiuc, N., Another Kaehler structure on the tangent bundle of a 
space form, Demonstratio Mathematica, 31 (1998), 855-866. 

[16] Papaghiuc, N., A Ricci flat pseudo-Riemannian metric on the tangent 
bundle of a Riemannian manifold, Coll. Math. 87 (2001), 227-233. 

[17] Sasciki, S. On the differential geometry of the tangent bundle of Rieman- 
nian manifolds, Tohoku Math. J., 10(1958), 238-354. 

[18] Tahara, M., Marchiafava, S., Watanabe, Y., Quaternion Kdhler 
structures on the tangent bundle of a complex space form, Rend. Istit. 
Mat. Univ. Trieste, Suppl. Vol 30 (1999), 163-175. 

[19] Tahara, M., Vanhecke, L., Watanabe, Y., New structures on tangent 
bundles, Note di Matematica (Lecce), 18(1998), 131-141. 

[20] Tahara, M., Watanabe, Y., Natural almost Hermitian, Hermitian and 
Kdhler metrics on the tangent bundles. Math. J. Toyama Univ., 20 (1997), 
149-160. 

[21] Yano, K.; Kobayashi, S. Prolongations of tensor fields and connections 
to tangent bundles, I. General Theory, Jour. Math. Soc. Japan, 18 
(1966), 194-210. 

[22] Yano, K.; Ishihara, S. Tangent and Cotangent Bundles, M. Dekker 
Inc., New York, 1973. 



V. Oproiu 

Faculty of Mathematics 
University "Al.I.Cuza", Ia§i 
Romania. 

e-mail: voproiu@uaic.ro 



D.D.Poro§niuc 

Department of Mathematics 
National College "M. Eminescu" 
Boto§ani, Romania, 
e-mail: danielporosniuc@lme.ro 



16 



